ABSTRACT This paper proposes a new two degree-of-freedom control structure such that the robustness control of a belt-driven servomechanism is adequately addressed. In conventional design approaches, a tradeoff between robust stability and robust tracking performance is unavoidable because the control engineer must take different frequency regions into consideration. In this paper, a frequency-dependent switching control structure is proposed, where the feedback connection to the external-loop controller is dynamically switched between the outputs of the controlled plant and its nominal model. The disturbance attenuation at lower frequencies by the double-loop control, as well as the robust stability at higher frequencies through the reference feedforward control, can be achieved at one fixed two degree-of-freedom control structure. The feasibility of the proposed approach is verified by theoretical analysis and experimental results.
I. INTRODUCTION
High performance servomechanisms have become of great importance in control engineering. In order to develop an advanced control strategy, a two-mass system with a beltdriven transmission is usually investigated [1] . The degree of freedom (DOF) of a control system is defined as the number of closed-loop transfer functions that can be designed independently [2] . For a single DOF control scheme, it is difficult to simultaneously meet the various performance requirements, such as the tracking performance, disturbance attenuation, and robust control requirements. Therefore, the two degree-of-freedom (TDOF) control approach has been employed to overcome this deficiency [3] - [5] .
In various TDOF approaches, the PID based TDOF control structure is adopted for industrial application due to its simplicity [6] . The PI/PID mixed control scheme [7] , robust optimal tuning [8] , and internal model based approaches [9] show different design flexibilities and tuning methods. Moreover, the cascade double-loop structure is an alternative approach for TDOF control, which consists of an internal compensation loop for robustness and an external control loop for desired tracking performance. The disturbance observer based control system is considered as one of the most popular TDOF double-loop approaches because of its simple design procedure [10] , [11] . To avoid the stability problem of inverse dynamics, the double-loop control structure was developed as an enhanced method for disturbance observer based control structure [12] - [17] . Another TDOF scheme, namely the reference feedforward control structure, was investigated for robust motion control [18] - [21] . The main difference between the double-loop and reference feedforward control structures is that the output of the controlled plant or its nominal model is adopted to the external feedback control loop. By using the controlled plant output as feedback to the external controller, the effects caused by dynamic perturbation and disturbance can be compensated by both the internal and external loops in a double-loop control structure. In contrast, the nominal model output is utilized in the reference feedforward control structure. Herein, the external control loop only generates feedforward control signals as the reference tracking response. Instead of enhancing disturbance attenuation, this structure could guarantee robust stability, which is directly designed with an internal-loop compensator.
However, it can be found in conventional TDOF control approaches that robust tracking performance and robust stability cannot easily be achieved using one fixed TDOF control scheme because of its topology constraints. The parameter tuning process for TDOF control scheme is complicated and depends on the engineer's experience. For practical applications, the dynamic perturbations, so-called modeling uncertainties, are usually of a high frequency nature, while the disturbance could occur in a low frequency range. These control performances should be designed in accordance with different operating frequencies. A control system is usually required to exhibit the satisfactory disturbance rejection for robust tracking performance within the region of low frequencies, while robust stability should be ensured at high frequencies. Therefore, to overcome the discontinuous problem resulting from the hard-switching, this study proposes a frequency-dependent switching TDOF control structure that is endowed with a dynamically switching mechanism of output feedback either from the controlled plant and/or its nominal model without changing the designed controllers. In fact, this frequency-dependent switching control structure mixes the double-loop and reference feedforward control structures by weighting output responses in accordance with the corresponding frequency. At lower frequencies, this new TDOF control scheme enhances the disturbance rejection. At higher frequencies, it keeps the robust stability and improves the dynamic tracking based on the command feedforward. Without increasing the complexity, the design dilemmas appearing in conventional TDOF control approach can be resolved. A straightforward design procedure for internal-and externalloop controllers is also provided in this study. The design example based on a belt-driven servomechanism is given to illustrate the systematic analysis and controller design procedure. Both the simulation and experimental results verify the feasibility of the proposed dynamic switching TDOF control framework.
II. SYSTEM CONFIGURATION AND SINGLE DOF CONTROL A. BELT-DRIVEN SERVOMECHANISM
The belt-driven servomechanism in this study is depicted in Fig. 1 . The experimental setup consists of a tooth-belt and two electric motors for control algorithm realization and setting external torque load. The magnitude response of the Bode plot is measured by a spectrum analyzer as shown in Fig. 2 . In practice, the transmission characteristic will change gradually due to the varied belt tension. A roller is utilized to obtain different magnitude responses with a tight or loose belt, denoted by P T and P L , respectively. The belt-driven mechanical system also incorporates undesired flexible linkage effects, which are quite difficult to characterize and often regarded as the modeling uncertainties in control system design. Let the belt-driven mechanical system P be modeled with a given nominal model P n and the multiplicative uncertainty such that P is formulated by
where P n is found to characterize the measured magnitude responses for certain low-frequencies as shown in Fig. 2 . Note that is a norm-bounded uncertainty with ∞ ≤ 1, where • ∞ denotes the H ∞ norm [22] . Moreover, W u is the uncertainty bound transfer function, which satisfies
B. DESIGN OF ROBUST STABILIZING CONTROLLER
A motion control system design should assure the specified robust stability and disturbance rejection in spite of the variation of transmission stiffness. In order to obtain the robust motion controller, a typical mixed-sensitivity design problem is considered here. Let K be the feedback controller to be designed; r and d are the input command and external disturbance, respectively, and y the controlled plant output. Moreover, e and u denote the tracking error and control input, respectively. To better understand the forthcoming discussions, the input-output transfer relations are defined by
where the sensitivity function S K and the complementary sensitivity function T K (= 1 − S K ) characterize the ability of disturbance rejection and command tracking, respectively. By minimizing the cost function from d to e and u, the mixedsensitivity problem formulation is given by where γ o is a pre-specified cost. For control system design, the performance objective in (3) should be characterized in the frequency domain. A nondimensionalization of weighted outputs is necessary to avoid the scaling problem due to different physical quantities. Therefore, the design problem configuration is shown in Fig. 3 . A dimensionless cost function fromd toê andû is then given by
where W d , W 1 , and W 2 are the predesigned weighting functions for the disturbance, tracking error, and control effort, respectively. The loop shaping design procedure (LSDP) [23] [24] can be employed to synthesize the robust controller. By combining W 1 and W 2 into the system loop, a shaped controlled plant P s is determined by
The equivalent description based on LSDP is given in Fig. 4 . In this study, the practical selection of weighting functions is proposed to avoid a trial-and-error design process. Let W 1 and W 2 be firstly represented by
e W e and W 2 = α
where each weighting function is composed of a constant weight and a frequency-dependent weight. Considering P in (1), W u is inherently a weighting function to characterize u in the frequency domain. The weight for tracking error W e is purposely selected to have the same characteristic poles as that of W u . Therefore, a low order shaped plant P s for controller design can be obtained since W e W −1 u will be the coprime factorization [22] . Moreover, the constant weights α e and α u are directly selected from the hardware specifications of servomechanism to obtain the dimensionless weighted signalsê andû. As a result, a dimensionless robust design problem of (4) is given by
By H ∞ robust control design to synthesize K ∞ [23] , the resultant robust feedback controller K is determined by The stability problem with respect to modeling uncertainty is sustained by a robust stability function K , which is defined as the transfer function from z to u in Fig. 3 . Note that K is equivalently the complementary sensitivity function of (2) with P = P n for the multiplicative uncertain system, i.e.,
Based on the small gain theorem, the robust controller design procedure of (7) also implies that
where
K is the allowable largest uncertainty margin of a control system. The robust stabilization solution K ∞ of (7) can be solved to enlarge system robust stability margin [23] .
III. TDOF CONTROL STRUCTURE
Despite the straightforward design paradigm for K , the tracking performance requirements are usually in conflict with the system stability of a single DOF (SDOF) control system. Herein, the TDOF control structure is employed to resolve the multi-objective control design. 
where P K and S CK denote the internal compensation loop and the sensitivity function, respectively, and defined by
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The output deviation between y and y ref , which is caused by the modelling uncertainty and disturbance, can be internally compensated by K . Suppose that K has been found by solving (7) to satisfy
where ε is a small number and ω R is the upper frequency for ensuring robustness design in the presence of uncertainty. Accordingly, P K can behave like the nominal model P n within a certain frequency region. The robust command tracking from r to y in Fig. 5 is given by
Under the robustness condition of (13), (14) is rewritten aŝ
where the transfer function denotes the nominal case P K ≈ P n . The required tracking performance can be independently designed by the external controller C based on its nominal model P n . In (11), the disturbance attenuation of the double loop control structure is characterized by S CK . By the feedback of y, the disturbance will be further rejected by C. Assume that P ≈ P n at the low frequencies ω ≤ ω R , S CK can be rewritten aŝ
This implies that
It can be seen that the double-loop control structure will guarantee a better disturbance attenuation than the singleloop control when |1 + P n C (jω)| > 1. Considering P in (1), the robust stability function with respect to the multiplicative uncertainty is determined by
Therefore, a well-designed C should satisfy the desired robust tracking functionT CK = P n C 1+P n C and robust stability CK W u ∞ ≤ 1, but also |S C (jω)| < 1 within the frequency ω R to enhance the disturbance attenuation. Furthermore, (19) shows that Compared with the single loop robust stabilizing control K in (9), the system stability may be degraded by the doubleloop control structure if 1 + P n C (1+P n C)P n K (jω) > 1. An alternative TDOF solution based on the reference feedforward control structure is represented in Fig. 6 . Its main difference from the double-loop control structure is to utilize y ref as the feedback of external control loop. This TDOF control approach is equivalent to the single loop control in Fig. 3 (9) is maintained. However, the feedforward references generated by external control loop in Fig. 6 can only improve the command tracking performance. The reference feedforward control structure will lack the enhancement on disturbance attenuation since the disturbance is only rejected by K .
IV. DYNAMIC SWITCHING OF TWO CONTROL STRUCTURES
As aforementioned, the different robustness requirements may not be fully satisfied by the fixed TDOF control structure. Under the precondition of not changing the designed controllers K and C, Fig. 7(a) shows the conventional hardswitching mechanism, in that for the case of ψ = 0, the control system is switched to the reference feedforward control structure, and for the case of ψ = 1, it results in the doubleloop control structure. To avoid the discontinuous switching, this study proposes a dynamic switching TDOF control framework shown in Fig. 7 (b) where ψ(s) is a frequencydependent switching function. The corresponding transfer relationships from r and d to y, and the robust stability function, can be derived as
where the subscript DS denotes the dynamic switching approach. In order to endow the proposed TDOF control structure with the performances provided in Fig. 5 at low frequencies, as well as Fig. 6 at high frequencies, respectively, let the dynamic switching be selected as ψ(s) = ω ψ s+ω ψ , where ω ψ is a desired switching breakpoint. (13), only the measured plant output y is connected to the feedback control loop, i.e. e DS ≈ r − y. The command tracking in (21) and sensitivity function in (22) are rewritten asT
where the disturbance attenuation behaves like the doubleloop control structure. The control system will be switched to the reference feedforward control structure at higher frequencies ω ω ψ , where y ref is adopted for the feedback control due to |ψ(jω)| ≈ 0, i.e. e DS = r − y ref . The robust stability function in (23) is then simplified as
which indicates the same allowable largest uncertainty margin as the reference feedforward control structure. Moreover, the feedback output is a mixed combination of y and y ref around the breakpoint frequency of ψ(s) such that the control system in Fig. 7 (b) becomes a mixed TDOF control structure. In programming, the dynamic switching ψ is rewritten as ψ(s) = In the proposed dynamic switching control, the controllers K and C can be independently designed for specific robust performances. Moreover, the frequencydependent switching ψ endows the TDOF control structure to achieve the required multi-objective robustness requirements. The design procedures are briefly summarized by i The internal compensator K should be designed for the robust stability such that
The desired robust tracking performance and disturbance attenuation are obtained by the external controller C. iii A dynamic switching function of ψ with the bandwidth ω ψ should satisfy ω ψ < ω R such that 1 + P n C(jω ψ ) > 1.
V. SIMULATION AND EXPERIMENTAL VERIFICATIONS
In this study, a belt-driven servomechanism is utilized to realize the proposed switching control approach and verify VOLUME 6, 2018 its feasibility and effectiveness. The hardware specifications of utilized motors are listed in Table 1 .
A. DESIGN OF PROPOSED TDOF CONTROL FRAMEWORK
The preliminary derivation of a nominal model and its uncertainty bound of the belt-driven servomechanism are required for the following robust controller design. From the measured frequency responses (magnitude plot) as depicted in Fig. 2 , a nominal model P n is derived as .
By the proposed method of weighting function selections, the constants α e = 100π rad/ sec and α u = 6.18 Nm can be directly obtained from rated speed and torque specifications in Table 1 . Accordingly, the shaped controlled plant P s of (5) is determined by
It can be seen that the selection of specific W u and W e , which are the coprime factorization, can prevent the order increment of P s .
To synthesize the robust controller, let A s B s C s 0 denote the state-space realization of a transfer function P s (s) = C s (sI − A s ) −1 B s , and let P s (s) =M −1 sÑ s (s) be the left coprime factorization. From [25] , the normalized coprime factorsÑ s andM s are derived as follows: Moreover, the input weight W d is given by
such that the poles of W d are the same as that of P s , and the zeros of W d are the same with eigenvalues of A s +H C s . By the H ∞ control design theory [22] [25], the robust feedback controller K ∞ , which satisfies (7) with γ o = 2.44, can be found by
By (8), the internal controller K is given as
The robustness of P K based on the designed K is verified with different belt tensions as shown in Fig. 8 , where P KT and P KL denote the internal control loop with P T (tight) and P L (loose), respectively. Based on the magnitude plot of Fig. 8 , the upper frequency ω R ≈ 155.8 rad/sec is obtained such that
1+PK ≈ P n is ensured within this frequency region. A classical design method can then be employed to find C for desired tracking performance.
The pole placement method is adopted here for the design of C. Let the external-loop controller be a proportionalintegral (PI) controller, i.e., C(s) = C P + C I s . Then, the command tracking in (14) can be given bŷ
Considering the desired natural frequency ω C = 10 Hz and damping ratio ξ C = 0.86 for the output response without overshoot, the parameters of C(s) are obtained by
The corresponding responses ofT CK and S C are depicted in Fig. 9 . Within the low frequency ω R ≈ 24.8 Hz,T CK can achieve the desired command tracking, and |S C (jω)| ≤ 1 can improve the disturbance attenuation. An appropriate switching frequency region can be found based on the designed K and C as shown in Fig 10. The upper bound of the switching frequency ω ψ is determined for the disturbance rejection, which satisfies
as well as the lower bound is given by ω R ≈ 155.8 rad/sec for robust performance requirement in (13) 
Thus, the dynamic switching frequency is selected as ω ψ = 32 rad/sec to achieve satisfactory disturbance rejection and robust stability.
B. SIMULATION RESULTS
The proposed TDOF switching control framework can be evaluated with different performance measurements. For the case of P = P n , the command tracking T of four different control structures is compared as shown in Fig. 11(a) . Undoubtedly, the TDOF control structure inherently has better dynamic tracking performance than that of the SDOF method, where the bandwidth can be improved from 34.51 rad/sec to 142.04 rad/sec. The disturbance attenuation is also measured as shown in Fig. 11(b) . By the feedback of y, the output deviation caused by the disturbance is compensated not only by internal K but also external C. The double-loop control structure can improve the disturbance rejection at low-frequencies. However, it makes the control system close to the stability margin as depicted in Fig. 11(c) . By contrast, the reference feedforward control structure has better robust stability at high frequencies, the same as that of the single DOF control structure in Fig. 3 . The proposed dynamic switching approach shows the appealing merit of combining the control structures in Figs. 5 and 6. By dynamically switching output feedbacks of y and y ref , as can be seen in Fig. 11 , the control system can achieve both the desired disturbance rejection at low frequencies and robust stability for high-frequency uncertainties. Considering the dynamic switching control structure in Fig. 7(b) , its characteristic equation is given by 1 + W u K = 0, where K is defined in (9) , for the case of ψ = 0, and 1 + W u CK = 0 for the case of ψ = 1, where CK is defined in (19) . Note that the closed-loop control system is robust stable if W u K ∞ ≤ 1 for ψ = 0, and then W u CK ∞ ≤ 1 for ψ = 1. Based on the welldesigned K , it can be found by (10) that W u K ∞ ≤ 1. The control system would be dynamically switched by ψ(jω) around the breakpoint switching frequency ω ψ (< ω R ) . In the illustrated servomechanism design example, it can be verified that W u K ∞ = 0.24 and W u CK ∞ = 0.89. Therefore, the stability of the proposed dynamic switching control scheme shown in Fig. 7(b) can be guaranteed since |ψ(ω)| ≤ 1, ∀ω.
C. EXPERIMENTAL RESULTS
The feasibility of the proposed dynamic switching TDOF control is also verified via the experimental results. In the used experimental setup of the belt-driven servomechanism, a velocity command r = 1000 rpm is applied for the motor speed control system. The measured velocity responses resulting from the SDOF and TDOF control approaches are depicted in Fig. 12 . An s-curve function is applied to generate velocity command to avoid the saturation of the motor drive in practice. The control efforts, which involve the internalloop feedback compensation, feedforward reference output y ref and control input u ref , are depicted in Fig. 13 . As can be seen from Fig. 12(a) , the TDOF control structures have better tracking performances than that of the SDOF approach, in which the tracking error is limited in the range of 0.2% as shown in Fig. 12(b) .
A larger transient tracking error can be found in the SDOF control approach. The output deviation is only compensated by K as shown in Fig. 13(a) . In the TDOF approaches, the reference command y ref is generated by the external control loop to improve the transient response as depicted in Fig. 13(b) . Moreover, the feedforward control effort u ref will be the main control effort for command tracking such that the effects of uncertainty are eliminated by K as represented in Fig. 13(c) .
Furthermore, an external torque disturbance d = 1.6 Nm is generated at t = 5 sec by the load-motor as shown in Fig. 14(a) . The resultant tracking errors from 4 discussed control structures are represented in Fig. 14(b) . Although the double-loop control structure has the best disturbance attenuation, the oscillation appearing in its output response indicates the lower relative stability of the control system. As SDOF control, the disturbance cannot be further rejected in the reference feedforward control structure because the external loop is merely a reference signal generator. To avoid the dilemma in control performances, the proposed dynamic switching control approach shows the flexibility to combine the two control structures. Without an obvious oscillation appearing in the output response, the proposed approach reveals that it can improve the disturbance rejection and also ensure better system stability through one fixed TDOF control structure.
Additionally, Fig. 15 shows the disturbance attenuations obtained from different chosen cut-off frequencies of ψ. It reveals that a higher cut-frequency leads to a better disturbance rejection with degradation in robust stability, where an obvious oscillation exists in the output response.
VI. CONCLUSION
This paper proposed a new TDOF control structure, which is capable of dynamically switching between the double-loop and reference feedforward control structures to achieve the different required control robustness. Based on the systematical and structural analysis, the proposed frequency-dependent switching control structure can enhance the disturbance rejection at lower frequencies. At higher frequencies, it also keeps the robust stability and improves the dynamic tracking based on the command feedforward. Without increasing the complexity, the design dilemmas appearing in conventional TDOF control approach can be resolved. A straightforward design procedure for the dynamic switching control approach is illustrated in Remark 2 of Section III. A belt-driven servomechanism was further utilized to verify the feasibility and effectiveness of the proposed dynamic switching control approach.
